While there has been considerable interest in the problem of finding elliptic curves of high rank over Q, very few parametrized families of elliptic curves of generic rank ≥ 8 have been published. In this paper we use solutions of certain symmetric diophantine systems to construct several parametrized families of elliptic curves with their generic ranks ranging from at least 8 to at least 12. Specific numerical values of the parameters yield elliptic curves with quite large coefficients and we could therefore determine the precise rank only in a few cases where the rank of the elliptic curve ≤ 13. It is, however, expected that the parametrized families of elliptic curves obtained in this paper would yield examples of elliptic curves with much higher rank.
Introduction
This paper is concerned with elliptic curves defined over the field Q of rational numbers. According to Mordell's celebrated theorem on elliptic curves, the set of rational points E(Q) on an elliptic curve defined over Q may be given the structure of a finitely generated abelian group, and we may write E(Q) ≃ T ⊕ Z r where T is the torsion subgroup and r is a nonnegative integer known as the rank of the elliptic curve.
The vast majority of elliptic curves have rank ≤ 2. In fact, of all the elliptic curves with conductor < 10 8 given in the Stein-Watkins database of elliptic curves, 98.1% have rank ≤ 2 [1, p. 251]. Further, it has been stated by Silverman [17, p. 254 ] that "it is difficult to produce curves E/Q having even moderately high rank". There has thus been considerable interest in constructing elliptic curves of large rank. At present, the largest known rank of an individual elliptic curve is 28 [6] . It has been conjectured that there is no upper bound on r [17, p. 254] but there is some evidence to suggest that probably there are only finitely many elliptic curves with rank exceeding 21 ( [13] , [14] ).
In this paper we construct a number of families of elliptic curves whose coefficients are given in terms of several arbitrary rational parameters and whose generic rank ranges from at least 8 to at least 12. In this context, it is pertinent to note that while several authors have constructed parametrized families of elliptic curves of rank ≤ 6, very few parametrized families of elliptic curves with generic rank ≥ 8 have been published. Two families of elliptic curves of generic rank 8 in terms of one parameter and five parameters have been given by Shioda [16] and by Fermigier [7] respectively. One-parameter families of elliptic curves of generic ranks ≥ 11 and ≥ 12 were constructed by Mestre ([9] , [10] ), and using Mestre's method, Nagao [12] found a one-parameter family of rank ≥ 13. Subsequently, Kihara [8] gave a one-parameter family of elliptic curves of rank ≥ 14.
We will use solutions of certain symmetric diophantine systems to construct our examples of families of parametrized curves of high rank. The manner of construction ensures that we will know a certain number of rational points on these elliptic curves. We illustrate the general approach of producing these families in Section 2 constructing inter alia two families of elliptic curves of rank 4 and 7. In Section 3 we construct parametrized families of elliptic curves of higher ranks.
For specific numerical values of the parameters, our parametrized families yield examples of elliptic curves over Q with quite large coefficients. This is not surprising since, as has been pointed out by Cassels [3, p. 257] , "the theory makes it clear that an abelian variety can only have high rank if it is defined by equations with very large coefficients". The large numerical coefficients were a major obstacle both in conducting efficient searches for specific elliptic curves of high rank and in determining the ranks of individual elliptic curves. We could accordingly determine the precise rank only in a few cases where the rank of the elliptic curve ≤ 13.
A description of the method of constructing parametrized families of elliptic curves
Let us assume that there exists an identity,
(1) (x + a 1 )(x + a 2 )(x + a 3 ) + a where x is arbitrary and a i , b i , i = 0, 1, 2, 3, are rational numbers. If we denote either side of the identity (1) by φ(x), it immediately follows from (1) that φ(x) becomes a perfect square when x is assigned any of the 6 values a i , b i , i = 1, 2, 3, and hence we know 6 rational points on the cubic curve y 2 = φ(x).
To construct the identity (1), we need to solve the simultaneous diophantine equations, (2)
In view of the relations between the elementary symmetric functions and sums of powers, the first two equations of the diophantine system (2) are equivalent to the Tarry-Escott problem of degree 2 whose complete solution is well-known [5, p. 52] . Using this solution, the third equation is readily solved since any rational number can be expressed as the difference of the squares of two rational numbers.
Since the aforementioned complete solution of the Tarry-Escott problem of degree 2 is expressed in terms of 5 arbitrary parameters, we have obtained a cubic curve y 2 = φ(x) whose coefficients are in terms of 5 parameters and on which we already know 6 rational points. In general, the discriminant of φ(x) is not 0, and hence we have constructed a parametrized family of elliptic curves on which we know 6 rational points. With reference to the group of rational points E(Q), since the three points (−a i , a 0 ), i = 1, 2, 3 on our elliptic curve lie on the straight line y = a 0 , at most two of these points can be independent points of infinite order. Similarly, at most two of the points (−b i , b 0 ) can be independent. We should expect the generic rank of our parametrized family of elliptic curves to be 4. Indeed, the solution, (17, 66) , being independent points of infinite order. The rank of the elliptic curve (3) is, in fact, 4. It follows that the generic rank of our parametrized family of elliptic curves is at least 4. Similarly, instead of the identity (1), we may construct an identity,
, by using the complete solution of the Tarry-Escott problem [5, p. 55-58] and thus obtain a parametrized family of quartic curves y 2 = φ(x) on which we know 8 rational points, their abscissae being −a i , −b i , i = 1, . . . , 4. In general, the quartic curve y 2 = φ(x) represents a quartic model of an elliptic curve and following a well-known procedure (see, for instance, Mordell [11, p. 77 ], or Cassels [4, pp. 35-36]), we can find a birational transformation that would reduce the quartic model y 2 = φ(x) to the cubic Weierstrass model of an elliptic curve. We thus obtain a parametrized family of elliptic curves on which we know 8 rational points.
As an example, when we take (4) is an identity, and we get the quartic model of an elliptic curve,
with the 8 known rational points on it being (−a i , a 0 ), (−b i , b 0 ), i = 1, . . . , 4. Eq. (5) may be reduced by a birational transformation to the Weierstrass form of the elliptic curve given by (6) y 2 = x 3 − 23420131301937 + 18114867816009096080, and corresponding to the 8 known points on the quartic curve (5), we get 8 rational points on the elliptic curve (6) . It has been verified that 7 of these 8 points are independent points of infinite order, and hence it follows that the generic rank of the parametrized family of elliptic curves that we obtain from the identity (4) is at least 7. More generally, in the identities (1) and (4), a 0 and b 0 could be taken as suitable polynomials of degree ≤ 2 in the variable x, and we can still obtain elliptic curves on which we know 6 or 8 rational points. With such minor modifications in the procedure outlined above, we can construct several parametrized families of elliptic curves whose generic rank will, in general, be at most 8.
We can generalise the above procedure even further and construct identities of the type,
where a i , b i , i = 1, 2, . . . , 2n, are rational numbers and f 1 (x), f 2 (x) are suitably chosen polynomials of degree n such that each side of the identity (7) reduces to a cubic or a quartic polynomial. To construct such identities, we have to solve certain symmetric diophantine systems. We will always denote the cubic or quartic polynomial on either side of an identity of the type (7) by φ(x). We thus obtain parametrized families of elliptic curves y 2 = φ(x) on which we know 4n rational points, their abscissae being
Once we have constructed a family of elliptic curves with coefficients given in terms of several parameters, say t 1 , t 2 , . . . , t r and we know certain rational points on these elliptic curves, we need to check whether these are independent points of infinite order. In view of a well-known theorem of Silverman, to prove the independence of a set of points P j , j = 1, 2, . . . , m, expressed in parametric terms, it suffices to show that for a certain specialization t ′ 1 , t ′ 2 , . . . , t ′ r of rational values of the parameters t 1 , t 2 , . . . , t r , the points P j , j = 1, 2, . . . , m, are independent over the corresponding elliptic curve defined over Q. For this purpose, we invoke another well-known theorem [15, Theorem 8.1, p. 242] according to which, if the regulator of the points P j , j = 1, 2, . . . , m, is not zero, the points must be independent points of infinite order.
Having constructed a parametrized family of elliptic curves, it is natural to try to find specific rational values of the parameters which yield examples of elliptic curves of high rank. As the numerical size of the coefficients in most of our examples is just too large, it was, in general, not feasible to follow the usual search strategies (eg by computing Mestre-Nagao sums) and we had to necessarily restrict ourselves to small values of the parameters to obtain our numerical examples.
Parametrized families of elliptic curves
In this section we use solutions of certain symmetric diophantine systems to obtain several parametrized families of elliptic curves with generic ranks ranging from at least 8 to at least 12.
3.1
We will construct our first example of a parametrized family of elliptic curves by using solutions of the following simultaneous symmetric diophantine chains:
If we write
a readily verifiable solution of the simultaneous diophantine chains (8) is given by (10)
where p 1 , p 2 , q 1 , q 2 , r 1 , r 2 are arbitrary parameters. For the sake of brevity, we will write,
, are given by (10), the relations (8) are satisfied and we have,
and, on transposition, we get the identity,
Each side of the identity (14) is, in fact, a cubic polynomial in the variable x. If we denote this cubic polynomial by φ(x), it is clear from (14) that φ(x) becomes a perfect square when x takes any of the 12 rational values
Further, the discriminant of φ(x) is, in general, nonzero, and hence the cubic equation y 2 = φ(x) represents an elliptic curve on which we know 12 rational points, their abscissae being
On making the invertible linear transformation given by (15)
the elliptic curve y 2 = φ(x) may be written, after suitable simplification, as follows:
Further, we know 12 rational points on the elliptic curve (16), their abscissae being given by ka i , kb i , kc i , kd i , i = 1, 2, 3 where
It follows from (14) that φ(−a 1 ) = φ(−a 2 ) = φ(−a 3 ) and hence, of the three points on the curve y 2 = φ(x) with abscissae −a i , i = 1, 2, 3, only two can be independent. A similar remark is applicable to the triples of points with abscissae {−b i }, {−c i }, {−d i } and hence at most 8 of the 12 known rational points on the elliptic curve (16) can be independent.
As a numerical example, when we take p 1 = 5, p 2 = −1, q 1 = 7, q 2 = 1, r 1 = 11, r 2 = 15, the elliptic curve (16) may be written, after suitable reduction, as follows:
The following 8 points out of the 12 known rational points on the curve (17) are independent points of infinite order: Using the software SAGE, we found the following three additional points on the curve (17) The regulator of the 11 points given by (18) and (19), as computed by the software SAGE, is 1381592532.65. Thus these 11 points are independent and the rank of the elliptic curve (17) is at least 11. In fact, according to APECS (a package written in MAPLE for working with elliptic curves), the rank of the curve (17) is ≤ 11. Since we already have 11 independent points on the curve (17), its rank must be 11. Further, the torsion group of the curve (17) is trivial.
Since in the special case of the elliptic curve (17), we found 8 independent points of infinite order out of the 12 known rational points, it follows that the generic rank of the family of elliptic curves given by (16) is at least 8.
3.2
The family of elliptic curves given in this subsection was obtained following the general approach described in Section 2 but is presented below in a simpler, albeit somewhat different, way.
Let there exist rational numbers a i , b i , c i , i = 1, 2, 3, 4, such that
We then have the identities,
We now consider the quartic curve defined by
It is clear that four rational points on the curve (23) are given by
We also note that in view of (21), we have
It follows that the four rational points (
also lie on the elliptic curve (23).
Similarly, in view of the identity (22), we may write (23) equivalently as
and hence we have four more points (c i ,
on the curve (23).
We note that, in general, Eq. (23) represents a quartic model of an elliptic curve, and we already know 12 rational points on this curve. We will use one of the 12 known rational points to find a birational transformation that would reduce the quartic model (23) to the cubic Weierstrass model of an elliptic curve, and corresponding to the 11 remaining known rational points on the quartic curve (23), we will get 11 rational points on the cubic model of the elliptic curve.
We will now obtain solutions of the multigrade chains (20). We note that solutions of (20) obtained by writing 2 , and thereby reducing the system of equations (20) to the diophantine chain a 2 1 + a 2 2 = b 2 1 + b 2 2 = c 2 1 + c 2 2 lead to examples of elliptic curves on which at most 6 of the above 12 points are independent. We therefore exclude such solutions of (20) from consideration.
It has been shown in [2] that if there exists a solution of the diophantine chains,
and we write (25)
then the numbers a i , b i , c i , i = 1, 2, 3, 4, satisfy the diophantine chains (20). Several parametric solutions of the simultaneous diophantine equations (24) are given in [2] . These solutions yield parametrized families of the cubic model of elliptic curves with 11 known rational points.
As an example, the following one-parameter solution (see [2, p. 93] ) of the simultaneous diophantine chains (24), (26)
where p is an arbitrary parameter, yields the following parametrized family of elliptic curves: There are 11 known rational points on this elliptic curve whose coordinates, in terms of the parameter p, are too cumbersome to write and therefore, we do not give these 11 points explicitly. It has been verified that for several values of p, 9 out of the 11 known rational points are independent.
As a numerical example, when p = 2, we get the elliptic curve,
on which, out of the set of 11 known rational points, there are 9 independent points. The invertible linear transformation,
reduces the elliptic curve (28) to the minimal Weierstrass form given below:
The 9 independent points on the curve (30) corresponding to the 9 independents on the curve (28) are as follows: We could find the following 4 additional independent points on the curve (30) using SAGE: The regulator of the 13 points given by (31) and (32), as computed by SAGE, is 389828159565.83 confirming that these 13 points are independent. According to APECS, the upper limit for the rank of the curve (30) is 13, and since we have already found 13 independent points on this curve, its rank must be 13.
Since 9 out of the 11 known points on the curve (27) are independent in the special case when p = 2, the generic rank of the family of elliptic curves given by (27) is at least 9.
As a second example, when p = 5, the minimal form of the elliptic curve (27) is given by
The rank of the curve (33) was determined by the software MAGMA to be 13. The abscissae of the 13 independent points of infinite order on the curve (33) are given below: It has been verified using SAGE that 9 out of the 11 known points on this curve are independent points and hence the rank of the curve (34) is ≥ 9. The upper bound for the analytic rank of the curve (34) as determined by SAGE is 20. We could not determine the precise rank because of the size of the coefficients. It has been shown in [2] that infinitely many three-parameter solutions of the diophantine chains (24) can be obtained. Each of these solutions yields a three-parameter solution of the diophantine chains (20), and hence we can obtain infinitely many families of elliptic curves whose coefficients are given in terms of three arbitrary parameters. As the three-parameter solutions of (24) are very cumbersome to write, these families of elliptic curves are even more cumbersome. We note that elliptic curves belonging to these parametrized families are expected to have high rank.
Finally we note that by interchanging the quadruples {a i }, {b i }, {c i }, we can get two more parametrized families of elliptic curves whose generic rank will be at least 9.
3.3
In this section we will construct a parametrized family of elliptic curves using two sets of rational numbers a i , b i , i = 1, 2, . . . , 6, satisfying certain conditions. We will denote the elementary symmetric functions of the six rational numbers a i by s i , i = 1, 2, . . . , 6, that is,
and similarly we will denote the corresponding elementary symmetric functions of the rational numbers b i by t i , i = 1, 2, . . . , 6. We also write d i = s i − t i , i = 1, 2, . . . , 6. We will use this notation in the next two subsections also.
Let there exist rational numbers a i , i = 1, 2, . . . , 6, and b i , i = 1, 2, . . . , 6, satisfying the symmetric diophantine system, (35)
We then have
and we get the identity,
Denoting either side of the identity (37) by φ(x), and using the relations (35), we get, Now φ(x) is, in general, a quartic polynomial in x and it follows from (37) that φ(x) becomes a perfect square when x is assigned any of the 12 values −a i , −b i , i = 1, 2, . . . , 6. We therefore know 12 rational points, with abscissae −a i , −b i , i = 1, 2, . . . , 6, on the quartic curve
where φ(x) is defined by (38).
We will now obtain solutions of the symmetric diophantine system (35). Since our objective is to generate a family of elliptic curves, we will exclude those solutions of Eqs. (35) for which the discriminant of φ(x) becomes 0.
A simple solution of the diophantine system (35) is given by (40)
where m, n, p, q, r, s, u, v are arbitrary parameters.
When the values of a i , b i are given by (40), the discriminant of φ(x) is, in general, not zero, and hence Eq. (39) represents a quartic model of an elliptic curve on which we know 12 rational points whose abscissae are given by −a i , −b i , i = 1, 2, . . . , 6. Using any of these known points, we can reduce the quartic equation (39) to a cubic model with 11 known rational points.
As a numerical example, when (m, n, p, q, r, s, u, v) = (1, 7, 3, 5, 2, 11, 3, 4), we get the elliptic curve,
Nine of the 11 known rational points on the curve (41) are independent. These points are given below: Using SAGE, we found the following additional independent point on the curve (41): (43) (29506697560865/68644, −127942115051260580605/17984728).
The regulator of the 10 points (42) and (43), as computed by SAGE, is 44242748.70, confirming that these points on the curve (41) are independent. In fact, it appears that the rank of the elliptic curve (41) is 10.
Since 9 out of the 11 known rational points on the curve (41) are independent, it follows that the generic rank of the parametrized family of elliptic curves given by (39) is at least 9.
We will now obtain a parametrized family of elliptic curves of generic rank at least 10 by obtaining another parametric solution of the symmetric diophantine system (35).
To solve the diophantine system (35), we write,
where m, n, u, v and p i , i = 1, . . . , 5 are arbitrary parameters. With these values of a i , b i , it is readily verified that s 1 = t 1 and s 2 = t 2 . Further,
We accordingly take
and a solution of the simultaneous equations (35), in terms of arbitrary parameters m, n, p 1 , p 2 , . . . , p 5 , is given by (44) where u and v are given by (46). The above solution of the diophantine system (35) yields a second family of elliptic curves (39) whose coefficients are given in terms of arbitrary parameters m, n, p 1 , p 2 , . . . , p 5 , and on which we know 12 rational points whose abscissae are −a i , −b i , i = 1, 2, . . . , 6, where the values of a i , b i are given by (44).
As a numerical example, when we take
we get, on appropriate scaling, the following solution of the diophantine system (35): The regulator of the first ten of these points, as computed by SAGE, is 2078733082632.16 which shows that they are independent. It follows that the generic rank of the family of the curves (39) is at least 10. We can, in fact, choose the parameters p 1 , p 2 , p 3 , p 4 , p 5 , such that the coefficient of x 4 in the quartic curve (39) is a perfect square, and then we will have 12 known rational points on the corresponding cubic model of the elliptic curve. As a numerical example, when we take (p 1 , p 2 , p 3 , p 4 , p 5 , m, n) = (2, 25/24, 1/12, 1, 553/24, 6, 169), and proceed as in the above example, we get, after appropriate scaling, the quartic curve, + 17269863219444345499893710734056, on which we know 12 rational points. However, only ten of these points are independent. This reconfirms that the generic rank of the family of elliptic curves (39) is at least 10. We could not determine the precise rank of the elliptic curve (51).
3.4
Let there exist two sets of rational numbers a i , i = 1, 2, . . . , 6, and b i , i = 1, 2, . . . , 6, satisfying the symmetric diophantine system, (52)
Denoting either side of the identity (54) by φ(x), and using the relations (52), we get,
Now φ(x) is a quartic polynomial in x and it follows from (54) that φ(x) becomes a perfect square when x is assigned any of the 12 values
It is readily verified that a solution of the symmetric diophantine system (52) is given by (56)
where p, q, r, u, v, w, h 1 and h 2 are arbitrary parameters. Further, with these values of a i , b i , the discriminant of the polynomial φ(x) is, in general, nonzero and hence the equation
where φ(x) is defined by (55), represents a quartic model of an elliptic curve and we know 12 rational points on the curve (57), their abscissae being
When the values of a i , b i are given by (56), the coefficients of the quartic polynomial φ(x) are too cumbersome to write and hence we do not give them explicitly. We will restrict ourselves to a couple of specific examples.
As a numerical example, when we take (p, q, r, u, v, w, h 1 , h 2 ) = (1, 2, 3, 1, 2, 6, 1, 1 
+ 34123010787688902778640228336, on which we know 11 rational points. We verified that the following 8 points out of the 11 known rational points are independent: The regulator of the 11 points on the curve (59) given by (60) and (61), as computed by SAGE, is 78091770934.92, thus confirming the independence of these points. It appears that the rank of the elliptic curve (59) is, in fact, 11 .
We note that if we take (62)
the constant term on the right-hand side of (55) vanishes and on applying the transformation y = Y /X 2 , x = 1/X, the quartic model (57) of the elliptic curve reduces to the cubic model and corresponding to the 12 known rational points on the quartic model of the curve, we now get 12 rational points on the cubic model of the elliptic curve. As a numerical example, when we take (p, q, r, u, v, w) = (2, 3, 7, 1, 6, 5), we get the elliptic curve, The regulator of the above 9 points, as computed by the software SAGE, is 1769919385554.43. Thus, the generic rank of the family of elliptic curves (57) is at least 9.
3.5
We will construct our final example of a family of elliptic curves using two sets of rational numbers a i , i = 1, 2, . . . , 6, and b i , i = 1, 2, . . . , 6, satisfying the symmetric diophantine system, (63)
If h is any arbitrary rational number, we have (64)
and we thus get the identity, We will now solve the symmetric diophantine system (63) together with the diophantine equation (67). For this purpose, we write where p 1 , p 2 , q 1 , q 2 , m 1 , m 2 , n 1 , n 2 and r are arbitrary nonzero parameters. It is readily seen that with the values of a i , b i , given by (70), s 1 = t 1 = 0 while both of the remaining two equations of (63) reduce to the following equation:
Using any of the known rational points and following the usual procedure, we can find a birational transformation that would reduce the above family of curves to a family of elliptic curves in Weierstrass form on which we will have 13 known rational points. As both the quartic and the Weierstrass models of this family of elliptic curves are too cumbersome to write, we do not explicitly present the quartic and the cubic equations of this family but restrict ourselves to giving a couple of numerical examples.
We examined a number of elliptic curves belonging to the family given by (69). In almost all of these cases, at least 11 of the 13 known rational points were found to be independent and in some few cases we found 12 points to be independent. We could not find any example in which all of the 13 points were independent.
As a numerical example, when we take the values of the parameters p 1 , p 2 , q 1 , q 2 , u 1 , u 2 and v as 1, 3, 1, 2, −1, −2 and 2 respectively, we get an elliptic curve whose Weierstrass is as follows:
(76) y 2 = x 3 − 1355064646307559724826793297x + 19084107576037868085853647087238447797889.
The following 11 points on this curve are independent:
